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Abstract 

We analyze classical theory of a membrane propagating in a singular background spacetime. The 
algebra of the first-class constraints of the system defines the membrane dynamics. A membrane 
winding uniformly around compact dimension of embedding spacetime is described by two con- 
straints, which are interpreted in terms of world-sheet diffeomorhisms. The system is equivalent 
to a closed bosonic string propagating in a curved spacetime. Our results may be used for finding 
a quantum theory of a membrane in the compactified Milne space. 
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I. INTRODUCTION 

In our previous papers we have examined the evolution of a particle [l|, [2| and a string 
[1, 3] across the singularity of the compactified Milne (CM) space. The case of a membrane 
is technically more complicated because functions describing membrane dynamics depend on 
three variables. The Hamilton equations for these functions constitute a system of coupled 
non-linear equations in higher dimensional phase space. Owing to this complexity, we only 
try to identify some non-trivial membrane states which propagate through the cosmological 
singularity. 

An action integral of a membrane winding uniformly around compact dimension of CM 
space (equivalently, a closed string in curved spacetime) is reparametrization invariant. The 
first-class constraints describing membrane dynamics are generators of gauge transforma- 
tions in the phase space of the system. We present the relationship between these sym- 
metries. Our results constitute prerequisite for quantization of membrane dynamics in CM 
space. 

The paper is organized as follows: In Sec II we recall a general formalism for propagation 
of a p-brane in a fixed spacetime and we indicate that the Hamiltonian for a membrane 
winding uniformly around compact dimension of CM space reduces to the Hamiltonian of 
a string. Sec HI concerns the algebra of Hamiltonian constraints of a membrane. The 
constraint satisfy the Poisson algebra, but may be turned into a Lie algebra by some rein- 
terpretation of constraints. In Sec IV we analyze the algebra of conformal transformations 
connected with the symmetry of the Polyakov action integral of a string in a fixed gauge 
and we present a homomorphism between this algebra and the constraints algebra. Some 
insight into this relationship is given in Sec V. We conclude in Sec VI. Appendix consists of 
useful details clarifying the content of our paper. 

II. GENERAL FORMALISM 

The Polyakov action for a test p-brane embedded in a background spacetime with metric 
Qjii, has the form 



where /Xp is a mass per unit p-volume, [a"') = {a'^ja^, . . . ,a^) are p-brane worldvolume 
coordinates, ■jab is the p-brane worldvolume metric, 7 := det[yab], (-^^) = (-^^,0) ^ 
(T, = {T,X^, . . . ,X'^~^,Q) are the embedding functions of a p-brane, i.e. = 
X'^((T°, . . . , 0"^), in d + 1 dimensional background spacetime. 

It has been found [sl] that the total Hamiltonian, Ht, corresponding to the action ([1]) is 
the following 
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and where 11^ are the canonical momenta corresponding to X^. Equations ([3]) and (jlj) define 
the first-class constraints of the system. 
The Hamilton equations are 

X^^''-^ = {X^Ht}. n,^^ = {n,,i7T}, r^a\ (5) 
where the Poisson bracket is defined by 

"^Hdx-^m-.-m-.dx-^J- 

In what follows we restrict our considerations to the compactified Milne, CM, space. The 
CM space is one of the simplest models of spacetime implied by string/M theory [6|. Its 
metric is defined by the line element 

ds"^ = -dt^ + dx^dxk + t^de^ = r]f,^dx^dx'' + t^dO^ = gf^^dx^dx^, (7) 

where rjn^, is the Minkowski metric, and 6 parameterizes a circle. Orbifolding to a segment 
S^/Z2 gives the model of spacetime in the form of two planes which collide and re-emerge 
at t = 0. Such model of spacetime has been used in 0, ll]- Our results do not depend on 
the choice of topology of the compact dimension. 

In our previous papers [1, 0] and the present one we analyze the dynamics of a p-brane 
which is winding uniformly around the ^-dimension. The p-brane in such a state is defined 
by the conditions 

aP = e = Q and dgX^ = = dgU^, (8) 

which lead to 

^(X^) = (0,...,0,1) and ^(X^) = (t,X^O). (9) 

The conditions ([HD reduce ©-([SD to the form in which the canonical pair {9,Ilg) does 
not occur Thus, a p-brane in the winding zero-mode state is described by ([3])-® with 
ft, z> replaced by /x, u. The propagation of a p-brane reduces effectively to the evolution of 
{p — l)-brane in the spacetime with dimension d (while d + 1 was the original one). 

III. ALGEBRA OF CONSTRAINTS OF A MEMBRANE 

In the case of a membrane in the winding zero-mode state the constraints are 

C = n^(r, a) n,(r, a) + T\t, a)X^(r, or)X^(r, a) r^,, ^ 0, (10) 

Ci = X^(r, a) n^(r, a) ^0, C2 = 0, (11) 

where X^ := dX^ /da , a := a^, k := ^0/^2, and where 9q := j dO. 

To examine the algebra of constraints we 'smear' the constraints as follows 

A := r da f{a)A{X^, H^), / G {C°°[-7r, tt] | f^X-n) = /(")(7r)}. (12) 

J —TT 
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The Lie bracket is defined as 



{A,B}:=Jja{——^——y (13) 

The constraints in an integral form satisfy the algebra 

{C{h),C{h)} = C,{A^T\hh - /1/2)), (14) 

{C'i(/i),C'i(/2)} = C'i(/i/2 - /1/2), (15) 

{CUi),C,U2)} = Cihh - /1/2). (16) 

Equations ffT^ - ffTB]) demonstrate that C and Ci are first-class constraints because the Pois- 
son algebra closes. However, it is not a Lie algebra because the factor is not a constant, 
but a function on phase space. Little is known about representations of such type of an 
algebra. Similar mathematical problem occurs in general relativity (see, e.g. 0]). 

The smearing f|T2l) of constraints helps to get the closure of the algebra in an explicit 
form. A local form of the algebra includes the Dirac delta so the algebra makes sense but in 
the space of distributions (see Appendix A for more details). It seems that such an arena is 
inconvenient for finding a representation of the algebra which is required in the quantization 
process. 

The original algebra of constraints may be rewritten in a tractable form by making use 
of the redefinitions 

C. ■= ^ (17) 

where ^ 

C := — — — — , Ci := original Ci, (18) 

where 'original' means defined by ( ITOi) and ( ITTl) . The new algebra reads 

{CM),C+i9)} = CM9-9f), (19) 

{C4f),C-i9)} = C-if9-9f), (20) 
{C+if),C4g)} = 0. (21) 

The redefined algebra is a Lie algebra. 

The redefinition (fT8|) seems to be a technical trick without a physical interpretation. In 
what follows we show that it corresponds to the specification of the winding zero-mode state 
of a membrane not at the level of the constraints (fTOj) and (ITT!) , but at the level of an action 
integral. 

The Nambu-Goto action for a membrane in the CM space reads 

Sng = -/i2 j d'a^J-deti^aX^^^bX-g^,) (22) 

= -/X2 j d^a^-det{-daTd,T + T^daQd.Q + d^X^d^Xk) (23) 

where (T, 0, X^) are embedding functions of the membrane corresponding to the spacetime 
coordinates {t,9,x'^) respectively. 
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An action Sng in the lowest energy winding mode, defined by ([8]), has the form 

Sng = -/i2^o J d^a^-TMet{-daTd,T + daX^d^Xk) (24) 

= -/^2^o j d^a^-det{daX-d,XPg^p). (25) 

where a,b E {0, 1} and Qa/s = Trjais- It is clear that the dynamics of a membrane in the 
state ([8]) is equivalent to the dynamics of a string with tension /i2^o in the spacetime with 
the metric gap- 

One can verify that the Hamiltonian corresponding to the string action (1251) has the form 



Ht = J daHr, Ut := AC + A^Ci, (26) 



where 



^ •= TT^r^n^n^r^"^ + ^ T daX'^d.X^r^^p ^ 0, Ci := 9.X"n„ ^ 0, (27) 

and A = A(r, 0") and = A^{T,a) are any regular functions. Therefore fl27p and (llSp 
coincide, which gives an interpretation for the redefinition of the constraints. 

IV. ALGEBRA OF CONFORMAL TRANSFORMATIONS 

The Nambu-Goto action (125|1 is equivalent to the Polyakov action 

5"^ = ~fi20o J d^(r^{^-'daX^d,X^ Tr/„^) (28) 
because variation with respect to 7'^* (and using ^7 = 77"*(57afe) gives 

daX'^d.X^ Tr]^p - ^^abY^X-daXf" Tr]^p = 0. (29) 

The insertion of fl29|) into the Polyakov action fl28|) reproduces the Nambu-Goto action fl25l) . 
In the gauge V— 77"* = 1 — the action fl28|) reads 



= -/i2^o y rfV(5+X"a_X'^ Tr/„^) (30) 

where 9± = and where a± := ao ± ai. 

The least action principle applied to (!30|) gives the following equations of motion 

d-iTd+X'') + d+{Td.X^) = (31) 
d_{Td+T) + d+{Td_T) + a+X^S.X'^ r/„^ = 0, (32) 

where f l29|) . due to the gauge V— 77"'' = 1 — 5a6, reads 

S+X^S+X'^ = = (9_X"(9_X^ r/„^. (33) 
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On the other hand, the action (130|) is invariant under the conformal transformations, i.e. 
(j± — > a± + e±{a±). It is so because for such transformations we have = — e_9-_X" — 
and hence 



5Sp = -fi20oj ciV(a_(-e_5+X"9_X^ Tri^p) + d+i-t+d+X'^d.X" Tr/,^)). 



(34) 



which is equal to zero since the fields X" either vanish at infinity or are periodic. Now let 
assume that the fields X" satisfy (IHT]) and fl32p . Then can be rewritten as 

55p = -^l2e^ j rfV(9_(-e_9+X"a_X^ T7]o,p) + 9+(-e_a_X"9_X^ T7]^p) 

+ 9+(-e+9+X°9_X^ Tr/„^) + 9_(-e+9+X"9+X^ Tr/„^)) (35) 

which leads to 

(9_r++ = 0, (9+r__ = (36) 

where 

T++ = e+a+X"(9+X^ Tr7«/3, T__ = e_(9_X"(9_X^ Tr^,,^ . (37) 
One can verify that the vector fields e_9_ and e+d+ satisfy the following Lie algebra 

\Ud+,g+d+] = iUg^ - g+U)d+, (38) 

[f-d.,g^d^] = U-g- - 9-f-)d-, (39) 

[Ud+,g^d^] = 0. (40) 

The constraints algebra f|T9l) - fl2Tl) defined on the phase space is the representation of the 
algebra of the conformal transformations fl38l) - P0l) defined on the constraints surface (l33l) . 
The Lie algebra homomorphism is defined by 

(7+(/(a)) ^ /(a+) 9+, CMi^)) ^ /(^-) 5-, (41) 
where (J± G M and a G S. 



V. TRANSFORMATIONS GENERATED BY CONSTRAINTS 



An action integral of a string is invariant with respect to smooth and invertible maps of 
worldsheet coordinates 

{r,a)^ir',a'). (42) 

These diffeomorphisms considered infinitesimally form an algebra of local fields — e(T, a)dr 
and —ri{T,o-)da- (we refer to their actions on the fields as 6^ and 5^, respectively). Mapping 
(142|) leads to the infinitesimal changes of the fields X^(r, o") and n^(r, cr) = dL/dX'^ = 
pti^gf.uX" - ^g^,^X^) as follows 

5X^ = 6,X^ + 6'^X^^ = eX^ + r/X^ 6U^ = etl^ + e{A'U^ + fiAg^^X'') + (r/H^)'. (43) 
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The transformations (H3!) are defined along curves in the phase space with coordinates 
(Xf^, n^) and are expected to be generated by the first-class constraints C and Ci according 
to the theory of gauge systems 10|, UJl • One verifies that 



{X^ C{^)} = {U„ C{^)} = -^(U^Upg'^^, + X-X^g^p^x.) + lii^g^uX")', (44) 

{X^C'i(0)} = {H.yC.m = m,y, (45) 

where (f){a, r) and (p{a, r) are smearing functions depending on two variables, and the inte- 
gration defining the smearing of the constraints C and Ci does not include the integration 
with respect to r variable (see f|T2l) ). 

The comparison of fH3l) with fH^ - fj45l) gives specific relations between these two trans- 
formations. For the action of the constraints along curves in the phase space, which are 
solutions to the equations of motion, we get 

{X^ cm = %X^ - 5'^X^ {n„ Civ)} = ^U, - (46) 

A A 

{x^,cM} = {n„c'i(0)} = (5;n,. (47) 

Since A and (see flC2p ) are invariant with respect to conformal isometries with respect 
to the worldsheet metric, the solutions to the equations of motion with fixed A and A^ 
have still some gauge freedom. The reduction of transformations P6|) - P7|) to the conformal 
transformations a± — > cr^ + p±{cr±) for the curves in the orthonormal gauge A = 1 and 
A^ = 0, leads to 

^(5,^ ±5;jF(X^(a,r),n^(a,r)) = {F{X^{a,r),U,{a,r)) ,C±{p^)}, (48) 

where F is a smooth function on phase space. One may show that ( HHi) corresponds to 
the transformations defined by the algebra ( I38l) -( l40l) but limited to the solutions of the 
equations of motion. On the other hand, the transformations (l48l) and fH6|) - (l47|) coincide 
with the algebra ([19]) -([21]), for fixed r . 

Now, we can see that the homomorphism pT]) represents the reduction of the algebra 
of general conformal transformations (for fields not necessarily satisfying the equations of 
motion) to the algebra of generators of conformal transformations acting on curves (X^, 11^) 
for fixed r. The latter algebra is equivalent to the algebra of generators C and Ci acting on 
the phase space (X'^,!!^). 

VI. CONCLUSIONS 

In this paper we have considered states of membrane winding uniformly around compact 
dimension of the background space. Dynamics of a membrane in such special states is 
equivalent to the dynamics of a closed string in curved target space. However, the problem 
of quantization of a string in curved spacetime has not been solved yet (see, e.g. [ij]). The 
construction of satisfactory quantum theory of membrane presents a challenge . 

The first-class constraints specifying the dynamics of a membrane propagating in the 
compactified Milne space satisfy the algebra which is a Poisson algebra. Methods for finding 
a self-adjoint representation of such type of an algebra are very complicated (o], [13] • We 
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overcome this problem by the reduction and redefinition of the constraints algebra. Result- 
ing algebra is a Lie algebra which simplifies the problem of quantization of the membrane 
dynamics. 

We have found a homomorphism between the algebra of conformal transformations and 
the algebra of transformations generated by the first-class constraints of the system. This 
may enable the construction of quantum dynamics of a membrane by making use of repre- 
sentations of conformal algebra. Details concerning quantization procedure will be presented 
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APPENDIX A: LOCAL FORM OF THE CONSTRAINTS ALGEBRA 

One can verify that the constraints (fTOl) and (fTT!) satisfy the algebra 

C{a')} = 8K'T\a) - a) + AnHia' - a)^{T\a)C,{a)), (Al) 

{C{a), Ci(a')} = 2 C{a)^6{a' - a) + 5{a' - ^)-^C{a), (A2) 

{Ci(a), Ci(a')} = 2 Ci{a)—6{a' - a) + 6{a' - ^)^C'i(a), (A3) 

where dX^^{a') / dX" {a) = 6j^6{a' — a) = dll^{a') /dllf^{a) (with other partial derivatives 
being zero), and where the Poisson bracket is defined to be 

APPENDIX B: RELATION BETWEEN GAUGES 

The least action principle applied to the Nambu-Goto action, 6Sng = 0, gives 

Q / dbX'^dbX^gais Q ^ daX°'dbX^gap ^ ^ 

"^^-detidaX-dbX^g^p) " ' ^-detidaX-dbX^g^f,) ' 

{daX''daXPg^p)dbX^dbXP - {daX''dbXPg^p)daX^dbXP 

2^-det{daX-dbXPg^p) ^"^''^ ' ^ ' 

In the case of the Polyakov action the least action principle, 6Sp = 0, gives 

da{V^l^%X,) = ^^j-^X'^dkX^gap,,, (B2) 

daX'^dbX" g^p - ^7,,7^'^9,X"5,X^ g^p = 0. (B3) 
On the other hand, the Hamilton equations read 

= {X", Ht} ^ A-U^g''^' + A^d^Xf", (B4) 

il, = {U„Ht} ^ -A^iU^U^^ + fi'd^X^d^X^^) + f,dM9u,d,Xn 

+ d^{A'U,), (B5) 
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which in the case ga/s = Trjap give 

X^" = {X^", Ht} ^ A—IiX^ + A^^„X^', (B6) 

/iT 

= {n^, Ht} ^ -A|^(-n,n^^ + /i^^^x^s^xV/?) + ^^^MTv^^>^^^x'') 

+ OM'"^,)- (B7) 

Now, we are ready to find the relations among 7^;,, A, A^ and the induced metric. It is not 
difficult to see that 



-d^X^^d^X-g^, d^X'^drX'^g,, 

^-det{daX>^dbX''g^^) V drX'^d^X'^g^, -drX^^d^X^ g^. 



77"^ (B8) 
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77"^ (B9) 



For instance, a/— 77"^ = (—1)" 5afe translates into A = 1 and = 0. 

There exists an interesting discussion of the ADM like gauges in the context of a con- 
strained Hamiltonian approach to the bosonic p-branes in the Minkowski space 
We postpone finding the relation between our choice of gauges and the ADM type and its 
usefulness in the context of the singularity problem to our next papers. 



APPENDIX C: POSITION- VELOCITY AND PHASE SPACES 

The position- velocity space is a space of pairs of fields (X^((t), X''(cr)), whereas the space 
of pairs (X^(cr), n^(cr)) defines a phase space. The transformation 

{x^x^} {x^^^ = -A^(-(x)V^^ + (xx)^7^,x'^)} (ci) 

is a surjection onto the surface C = = C^. It becomes a bijection for fixed 

A:=-^, A':=^^, (C2) 

(X)2 (X)2 

where X^X^g^^ > and X'^X^'g^^ < 0, and g < 0. We say that such choice of A, A^ defines 
the {A, y4^)-sector. Thus, the mapping 

{X'^(a), U^ia)} ^ {X^(a), X'^(a) = -W' + A^X^} (C3) 

/i 

presents the one-to-one correspondence between the phase space surface C = = and 
the {A, 74^)-sector. If A and A^ depend on r, then the [A, 74^)-sector and the correspondence 
depend on r as well. All {A, 74^)-sectors are equivalent {A 7^ 0) in the sense that all solutions 
to dynamics are mapped from one sector to another by a diffeomorphism 
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